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Abstract

A numerical technique for simulating incompressible viscous ¯ow with free surface is presented. The ¯ow ®eld was calculated by

the penalty ®nite element formulation. In this work, a modi®ed volume of ¯uid (VOF) method based on four node elements in 2D

geometry was proposed for its compatibility with the irregular meshes generally used with the ®nite element method (FEM).

Numerical analyses were done for two benchmark examples, namely the broken dam problem and the solitary wave propagation

problem. The numerical results showed close agreement with the existing data. In order to demonstrate the e�ectiveness of the

proposed numerical scheme, mold ®lling process was studied. Ó 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

Incompressible viscous ¯ow with moving free surface is an
engineering problem with many practical aspects. The appli-
cations may include materials processing such as, for example,
metal casting or injection and compression moldings of poly-
mers. In these applications, ¯ows with moving boundaries are
encountered in mold ®lling processes and are a�ected by many
factors such as material properties, mold geometry and process
conditions.
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Notation

c average velocity of wave
d depth
F volume fraction of ¯uid
FC fraction of actual ¯uid volume transferred

through boundary of an element
f body force vector
g gravity
H initial height of ¯uid column or wave
He element characteristic length
L length
n outward unit normal vector
P pressure
Rmax maximum run-up height of wave
t time
u velocity vector
û velocity vector at previous iteration
ue velocity at element center
ui ith component of the velocity vector
ûi ith component of the velocity vector at

previous iteration
V i

k volume of the kth sub-element in the ith
control volume

w Galerkin weighting function
~w modi®ed weighting function added by the

streamline upwind contribution
x vector
x, y components in Cartesian coordinate

Greeks
a element Reynolds number
C boundary
c penalty parameter
g initial wave elevation function
l viscosity
q density
s viscous stress
X domain

Superscripts
old previous time step
new present time step
* designates non-dimensionalized parameters

Subscripts
A acceptor
CV control volume
D donor
DD neighboring element of a donor placed

opposite to the acceptor
DS1, DS2 neighboring elements of a donor

* Corresponding author.
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The most important task in the analysis of ¯ow with
moving free surface is determination of the location of the
moving free surface. Methods employed to solve such prob-
lems can be classi®ed into two groups; Lagrangian and Eule-
rian schemes (Floryan and Rasmussen, 1989). The former
scheme employs a moving grid system, in which each compu-
tational mesh is moved or deformed as the free surface ad-
vances. The Eulerian method uses a ®xed grid system which is
generated over the entire domain and is not changed until the
completion of calculation. The scheme should be selected
considering the strengths and limitations of the algorithms
together with the characteristics of the problem.

Lagrangian scheme (Bellet and Chenot, 1993) is charac-
terized by the mesh system which is moved or deformed as the
calculation proceeds. The mesh boundaries coincide with the
free surface, and thus the free surface can be represented with
accuracy. However, overly distorted meshes due to the change
of ¯uid domain may result in numerical errors. The Arbitrary
Lagrangian Eulerian (ALE) method (Ramaswamy and Ka-
wahara, 1987; Huerta and Liu, 1988; Choi, 1996), which allows
continuous reasoning, has a similar limitation.

In Eulerian schemes, computational meshes are generated
beforehand and ®xed during entire computation. Therefore, it
is free from di�culties due to the deforming meshes. However,
a special treatment is necessary to track the moving free sur-
face because the motion of ¯uid does not coincide with the
calculation mesh. MAC method (Harlow and Welch, 1965;
Viecelli, 1969; Chan and Street, 1970) follows the moving free
surface by tracking the movement of imaginary markers. VOF
method, introduced by Hirt and Nichols (1981), is popular in
¯ow problems with moving free surface. In this method, whole
domain is divided into cells or control volumes and the volume
fraction of ¯uid in each cell is de®ned. The ¯ow front is ad-
vanced by solving the following transport equation of the ¯uid:

oF
ot
� u � rF � 0: �1�

Here F is the volume fraction of the ¯uid in a cell and u is the
¯ow velocity vector. Even though an additional equation must
be solved, overall computation time is usually shorter due to
the ®xed grid system. Since VOF method represents the shape
of the free surface in a relatively simple way, it can be easily
applied to existing numerical codes with various numerical
schemes (Nichols et al., 1980; Partom, 1987; Lin and Hwang,
1988; Dhatt et al., 1990; Usmani et al., 1992; Swaminathan and
Voller, 1994; Rice, 1993; Lewis et al., 1995; Tezduyar et al.,
1998).

In this study, a computer code based on the ®nite element
method and the VOF method was developed to trace the
moving free surface of the incompressible viscous ¯ow. A
``selective'' VOF method which is compatible with four node
element in two-dimensional ¯ow was proposed to improve the
previous donor acceptor scheme. In the proposed scheme, the
volume ¯ux of ¯uid across the element boundary is calculated
by using the volume fraction of element only without com-
plicated algorithm or additional mesh system. Therefore, this
scheme can be applied to irregular mesh system, and can be
easily extended to three-dimensional geometry.

2. Governing equations and ®nite element formulation

Consider incompressible laminar, Newtonian two-dimen-
sional ¯ow with constant properties. The ¯ow may have a free
boundary which is not ®xed in space and changes with time.
The problem at hand is to obtain the velocity and the pressure
distributions as well as the free surface location as functions of

time. The governing equations, i.e., the continuity and mo-
mentum conservation equations, can be written as

r � u � 0; �2�

q
ou

ot

�
� u � ru

�
� ÿrP �r � s� f ; �3�

s � l ru
ÿ �rTu

�
; �4�

where s is the viscous stress, P the pressure, f the body force
and l the viscosity of ¯uid.

The initial and boundary conditions can be stated as (see
Fig. 1)

initial condition : u � u�x; 0�; �5�

boundary condition : u � u�x; t� on C1; �6a�

� ÿ P I � s� � n � �r on C2; �6b�
where n is the unit vector outward normal to the free surface.
C1 denotes the boundary where the ¯ow velocity is given. Free
surface is represented by C2 along which the normal stress to
the free surface �r is speci®ed.

In this work, the ®nite element method was used for solving
the governing equations. In order to incorporate the continuity
equation (Eq. (2)), the penalty formulation (Hughes et al.,
1979; Reddy and Gartling, 1994; Carey and Oden, 1986) was
adopted. The pressure term in the momentum conservation
equation (Eq. (3)) is thus replaced by

P � ÿcr � u; �7�
where c is the penalty parameter. c is taken as an arbitrary
large number (O�104±1013�) depending on the Reynolds num-
ber and viscosity (Hughes et al., 1979).

The momentum conservation equations were integrated in
time using the implicit method. Picard iteration known as
successive substitution was used to linearize convection terms.
In order to prevent wiggles which may appear in convection
dominated problems, streamlines-upwind/Petrov±Galerkin
(SU/PG) method (Brooks and Hughes, 1982) was applied to
handle the convection terms.

After some straightforward manipulation, the weak for-
mulation for governing equations can be derived as (Hughes
et al., 1979)Z

X
q

ou

ot
� wdX�

Z
X

q û � r
� �

u � ~wdX�
Z

X
lru : rw�

� c r � u� � r � w� ��dX �
Z

X
f � wdX�

Z
C

�r � wdC; �8�

where û is the velocity at previous iteration, w the Galerkin
weighting function and ~w is the modi®ed weighting function
added by the streamline upwind contribution. The expression
for the modi®ed weighting function is as follows:

Fig. 1. Finite element discretization of the calculation domain X.

198 S. Shin, W.I. Lee / Int. J. Heat and Fluid Flow 21 (2000) 197±206



~w � w� zhe

2 uej j u
e
jw;j; �9a�

z � coth a� � ÿ 1=a; �9b�

a � uej jhe

2m
; �9c�

where ue is the velocity at element center, he the element
characteristic length, and a is the element Reynolds number.

In this work, the problem was de®ned in two-dimensional
geometry. For mumerical calculation, a four node element was
used to apply VOF method e�ciently. Integrals in Eq. (8) were
evaluated by Gauss quadrature. In order to prevent ``locking''
due to over-constraint, a reduced integration (Hughes et al.,
1979; Reddy and Gartling, 1994; Carey and Oden, 1986) was
used to evaluate the integrals of the penalty term. The itera-
tions were terminated when the absolute error from previous
iteration became smaller than the given tolerance
(jui ÿ ûij < 10ÿ6).

3. Selective VOF method

Most of the previous researches have adopted ®nite di�er-
ence method or ®nite volume method to solve the aforemen-
tioned problem. Finite di�erence scheme is known to have
di�culties in mesh generation when the computational domain
is complex. For problems having complicated domain, ®nite
element method (FEM) may be a more appropriate technique
due to its simplicity in mesh generation. In this work, modi®ed
VOF method compatible with FEM was employed to analyze
the ¯ow problem with moving free surface.

In VOF method, Eq. (1) for the volume fraction F is solved
simultaneously with other governing equations. Fig. 2 shows a
typical pattern of the free surface when the ¯uid ®lls a mold
cavity. Depending on the value of the volume fraction F in an
element, the whole domain is divided into three categories by
the following criterion:

F �x; t� � volume of fluid

volume of element

�
1 filled;
> 0 and < 1 partially filled;
0 empty:

8<: �10�

F is unity in the ¯uid region and zero in the region where the
¯uid is absent. Therefore, the free surface can be considered to
exist in the partially ®lled elements with F values between zero
and unity. This partially ®lled elements should form a region in
which the free surface exists. In order to locate the free surface
precisely, the number of elements involved in this region
should be kept as small as possible. However, as Eq. (1) is
solved numerically, the region becomes wider as time pro-

gresses due to false numerical di�usion of F (Hirt and Nichols,
1981). In order to prevent this numerical smearing of the free
surface, a special treatment is needed.

Donor±acceptor scheme (Hirt and Nichols, 1981) is a
popular method for overcoming such smearing of the free
surface. Other methods, such as SLIC (Noh and Woodward,
1976), YoungsÕ scheme (Youngs, 1982), FLAIR (Ashgriz and
Poo, 1991; Mashayek and Ashgriz, 1995a; Mashayek and
Ashgriz, 1995b), pattern ®lling technique (Jeong and Yang,
1995) and net in¯ow method (Wang and Wang, 1994) have
been proposed. In spite of the di�erences in the detail, the basic
concept in each method is similar in that the free surface is
numerically reconstructed by considering the slope of the free
surface to prevent the smearing. Instead of solving Eq. (1)
directly, volume ¯ux across the element boundary is estimated
and the change in F of the element is monitored.

Integration of the equation of volume fraction (Eq. (1)) for
each element and discretization by the explicit scheme gives
(Hirt and Nichols, 1981; Nichols et al., 1980; Partom, 1987)

F new
i � F old

i � DtR
Xi

dX
�
�
ÿ
Z

Ci

FCu � n� �dC

�
; �11�

where Fi
old and Fi

new are the volume fractions of ¯uid in ele-
ment i at previous and present times, Dt the calculation time
step and Ci is the boundary of the element. The last term in
Eq. (11) represents the increase of F due to incoming volume
¯ux. FC is the value of F on the boundary de®ned as

FCik �
fluid volume transferred

total volume transferred through Cik
; �12�

where subscript i indicates the ith element and subscript k
denotes the kth boundary of the ith element. FC is a parameter
which depends on the orientation of the free surface. Once FC

is known, the integral in Eq. (11), which represents the net ¯ux
of F into the element i, can be evaluated to give the net ¯ux of
F into the element i. F values after time increment Dt can then
be updated and the free surface location can be determined.
Therefore, the problem is simpli®ed down to determination of
the value of FC.

In this work, an algorithm using four node element is
proposed to determine the volume ¯ux across the boundary
FC. The proposed scheme uses the concept of donor and ac-
ceptor elements as in the donor±acceptor scheme, but is
modi®ed to make compatible with FEM having irregular
meshes. In order to determine the values of FC, typical cases
that could appear between two adjacent elements are consid-
ered as in Fig. 2. In case (a) of Fig. 2, two adjacent elements
are in the ¯uid region, and the volume ¯ux of ¯uid isR

Ci
u � n� �dC �FC � 1�. In case (b) of Fig. 2, two adjacent ele-

ments are outside the region of ¯uid, and there is no ¯uid in the
elements. Thus the volume ¯ux across the boundary is 0
(FC � 0). Unlike the previous cases, in the cases (c) and (d) of
Fig. 2, the value of FC is not evident. Comparing the cases (c)
and (d) of Fig. 2, it is apparent that the values of volume ¯ux
across the element boundary are di�erent. This suggests that
the volume ¯ux across the boundary FC is a�ected not only by
the volume fraction but also by the orientation of the free
surface. The information about the orientation in the element
is provided by volume fractions of the element and the
neighboring elements. In this study, the free surface was di-
vided into two types by its orientation. The value of FC was
determined according to the orientation of the free surface.

In Fig. 3, some typical con®gurations in the free surface
region are shown. Neighboring elements are classi®ed as either
donor or acceptor by the sign of the velocity. Upstream
element is de®ned as the donor, and downstream element as
the acceptor. In the proposed method, the value of FC is takenFig. 2. Illustration of the ¯ow front orientation.
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from the volume fraction of either the donor or the acceptor
depending on the orientation of the free surface.

If the free surface lies approximately in the perpendicular
direction to the element boundary between the donor and the
acceptor, the volume fraction of the donor is used as the value
of FC. If the surface lies in parallel or lies inclined by some
degree, for example 45°, FC is taken as the volume fraction of
the acceptor. There are a number of cases according to the
variations in the orientations of the free surface. These cases
can be summarized and represented by the following algo-
rithm:

if �FD � 1 or FD � 0� then FC � FD

else
if ��FDD � 1 and FA � 0� or �FDD � 0 and FA � 1� then
FC � FA

else if ��FDD � FA � 1� or �FDD � FA � 0�� then FC � FD

else if �FA � 1� then FC � FA

else if ��0 < FDD; FA < 1� and �FDS1 � 1 and FDS2 � 0��
then FC � FD

else if �FDD > FD > FA or FDD < FD < FA� then FC � FA

else FC � FD

end if
Here FD and FA are the volume fractions of the donor and

the acceptor, respectively. FDD is the volume fraction of the
neighboring element of the donor placed opposite to the ac-
ceptor. FDS1 and FDS2 are the volume fractions of the other
neighboring elements of the donor (see Fig. 3).

The problem is simpli®ed to choosing the volume fraction
of donor or acceptor for determination of the value for FC.
Therefore, this algorithm can generally be applied to irregular
mesh systems without additional calculations and can be ex-
tended to three-dimensional problems without great di�cul-
ties. If the boundary of an element coincides with a wall or a
line of symmetry, there is no adjacent element on the corre-
sponding side. In this case, an imaginary element is assigned as
shown in Fig. 4. The volume fraction of the imaginary element
is de®ned as 1, 0, or FD according to the orientation already
determined by the actual adjacent elements. The algorithm can
then be applied in the same manner.

Since the net in¯ux into an element is obtained by the
procedure described above, the new volume fraction can be
calculated once the calculation time step is given. However, if
the calculation time step is ®xed a priori, it is possible for an
element to be excessively ®lled or emptied, i.e., the volume
fraction can become greater than unity or less than 0 after a

given time step. Therefore, in order to prevent this, the cal-
culation time step Dt must satisfy the following constraints (see
Eq. (11)):

If volume ¯ux into the element > 0:

Dt6
1ÿ F old

i

ÿ � R
Xi

dX

ÿ RC FCu � n� �dC
: �13a�

If volume ¯ux into the element < 0:

Dt6
0ÿ F old

i

ÿ � R
Xi

dX

ÿ RC FCu � n� �dC
: �13b�

Here ÿ RC FCu � n� �dC is the volume ¯ux into the element.

1ÿ F old
i

ÿ � R
Xi

dX and 0ÿ F old
i

ÿ � R
Xi

dX represent the available
volume occupied by ¯uid in the element. The time step should
be selected so as to satisfy the above limitations simultaneously
for all the elements. The value of time step thus obtained
satis®es Courant condition (uiDt=Dxi � 1) automatically for
the explicit time di�erence.

The overall numerical procedure is summarized as follows:
(1) Divide the whole domain into meshes.
(2) Solve the governing equations of ¯ow by FEM.
(3) Determine the value of FC at each boundary of the ele-
ment by considering the free surface orientation.
(4) Calculate the volume ¯ux into the element.
(5) Determine the calculation time step and obtain the vol-
ume fraction at the new time.
(6) De®ne the calculation domain using the updated volume
fractions of the elements.
(7) Repeat steps (2)±(6) until the ®nal time is reached.

Fig. 4. Illustration of imaginary elements for wall or symmetric

boundaries.

Fig. 3. Determination of FC between donor and acceptor elements: (a) de®nition for donor and acceptor elements, (b) cases when FC� FD, and (c)

cases when FC� FA.
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When solving the governing equations, the volume fraction
of an element is used. However, in order to represent the ¯ow
front, it is convenient to use the nodal values. A control vol-
ume which consists of sub-elements as shown in Fig. 5 was
constructed and the volume fraction of the control volume was
taken as the average of the volume fractions of surrounding
elements

F i
CV �

P
F i

k V i
kP

V i
k

; �14�

where subscript i denotes the ith control volume and subscript
k indicates a sub-element in a control volume. V i

k is the volume
of the sub-element, and F i

k is the volume fraction. Each volume
fraction of a control volume corresponds to a node, and the
shape of the free surface is represented by contour lines along
which the value of volume fractions is 0.5.

In this study, rule of mixture was used to estimate the
properties of the partially ®lled element. The empty elements
were assumed to be occupied by air. The density and the vis-
cosity of air were given as 1 kg/m3 and 10ÿ5 Pa s, respectively.
Stress free conditions for normal and tangential directions of
the free surface were applied as the boundary conditions.

4. Veri®cations of the scheme

In order to verify the proposed scheme, two problems were
analyzed, namely, broken dam problem and solitary wave
propagation problem. The numerical results were compared
with available data from the previous works.

In the broken dam problem, as shown in Fig. 6(a), a ¯uid
column collapses under gravitation as the containing dam is
removed suddenly. Initial domain is simple and both
advancing and receding motions of the free surface exist at the
same time. Moreover, numerical as well as experimental data
are available for veri®cation of the results. Martin and Moyce
(1952) did experiments while Halrow and Welch (1965), Hirt
and Nichols (1981), Huerta and Liu (1988) and Wang and
Wang (1994) performed numerical studies.

In order to compare with the experimental data by Martin
and Moyce (1952), the ¯uid was taken as water

(q � 1000 kg=m
3
; l � 10ÿ3 Pa s). The initial shape of the

¯uid column was a square (H � 0:05715 m). The Reynolds
number based on the characteristic velocity

���������
2gH
p

and the
characteristic length H was 6:04� 104. The accuracy of the
free surface prediction depends on the calculation mesh in the
®xed grid system. To test the dependency on the mesh sys-
tem, four types of meshes were used. The number of elements
were set to be either 264 (24� 11) or 735 (35� 21). Both
uniform and non-uniform meshes were used in each case. The
calculated mesh in the case of 735 non-uniform elements is
shown in Fig. 6(b). The velocity vectors and ¯ow patterns at
various times for 735 non-uniform meshes are presented in
Fig. 7. For the convenience of comparison with the experi-
mental results, dimensionless time and water front location
along the bottom are de®ned as t� � t

���������
g=H

p
and x� � x=H ,

respectively. As shown in Fig. 8, calculation results show
good agreement with the experimental data. Better results can
be obtained when more number of meshes are used. For
coarse meshes, solution accuracy can be enhanced if the
meshes are re®ned near the bottom where large variation of
the free surface occurs.

The second veri®cation problem was the solitary wave
propagation. In this problem, a solitary wave travels back
and forth in a container with a ®nite span (see Fig. 9(a)).
Laitone (1960) and Byatt-Smith (1971) obtained analytic
solutions for inviscid ¯uid in in®nite domain. Experimental
works were done by Maxworthy (1976) and Chan and Street
(1970). Numerical studies were also performed by Ra-
maswamy and Kawahara (1987), Choi (1996), Baek and
Chung (1996) and Kim (1998). As shown in Fig. 9(b), the
computational mesh was a regular array except in the cen-
tral region where the elements were slightly deformed ac-
cording to the initial shape of the wave. Again the ¯uid was
taken as water. The domain was ®nite and the depth and
the length of the domain were set to be 1 and 16 m, re-
spectively. The Reynolds number based on the characteristic
velocity

������
gd
p

H=d and the characteristic length H � 0:2 m
was 1:25� 105. Slip boundary conditions were given at the
wall. The initial conditions were speci®ed as in the work of
Laitone (1960):

u � gd� �0:5 H
d

sech2 3H
4d3

� �0:5

x

" #
; �15a�

v � 3gd� �0:5 H
d

� �1:5 y
d

� �
sech2 3H

4d3

� �0:5

x

" #
tanh

3H
4d3

� �0:5

x

" #
;

�15b�

Fig. 5. De®nition of a control volume.

Fig. 6. De®nition sketch (a) and ®nite element mesh (b) used in the

analysis of the broken dam problem (35� 21 non-uniform mesh).
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y � d � g � d � H sech2 3H
4d3

� �0:5

x

" #
: �15c�

In this study, the ratio between the water depth and the
wave height H/d was varied from 0.2 to 0.5. Fig. 10 shows the
¯ow patterns and velocity vectors during one period when
H=d � 0:4. At a quarter or three quarters of a period, the wave
height reaches a maximum as the wave runs up the wall and
kinetic energy of the wave is converted into potential energy.
Analytical solution is available for in®nite domain with ®nite
depth. Average velocity of the wave c and the pressure P can
be obtained analytically as (Laitone, 1960):

c

gd� �0:5 � 1� 1

2

H
d
�O

H
d

� �2

; �16a�

P � qg d� � hÿ y� �O
H
d

� �2

: �16b�

Fig. 11 shows the calculated pressure distributions at vari-
ous times. The results show close agreement with the analytic
solution as given in Eqs. (16a) and (16b). The quarter of a
period when the wave reaches the highest run-up along the
right side wall can be calculated using the average wave ve-

locity as given in Eq. (16a). As shown in Fig. 12, the calculated
values are slightly larger than those from analytic solutions.
The reason is that the analytic solution was worked out for
in®nite domain, while the numerical solution was obtained for
a ®nite domain with side walls. In the ®nite domain, because
the wave crest stays for a while at the side wall, the spatial
phase shift appears (Maxworthy, 1976). Therefore, the times
for the maximum run-up height are larger than those from
analytic solution (Ramaswamy and Kawahara, 1987; Baek
and Chung, 1996; Kim, 1998).

Byatt-Smith (1971) obtained the maximum run-up height
analytically by the method of superposition

Rmax

d
� 2

H
d

� �
� 1

2

H
d

� �2

�O
H
d

� �3

: �17�

Fig. 13 shows the comparison of the numerical results with
the analytic solution of Byatt-Smith (1971), experimental data
by Maxworthy (1976), Chan and Street (1970), and the nu-

Fig. 7. Velocity vectors and free surface positions at di�erent times for the broken dam problem. Results of numerical calculation with 35� 71

uniform mesh: (a) 0.02971 s, (b) 0.05969 s, (c) 0.09011 s, and (d) 0.1105 s.

Fig. 8. Comparison of front tip position by numerical calculation with

experimental result.

Fig. 9. De®nition sketch and ®nite element mesh used in the solitary

wave propagation problem: (a) de®nition sketch, and (b) ®nite element

mesh.
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merical results of Choi (1996). As can be seen, good agree-
ments were observed.

It is noted that the Reynolds numbers for the examples in
this section are relatively high. This is due to the characteristic
lengths taken for the Reynolds numbers. These high Reynolds
numbers did not pose any di�culty in the numerical calcula-
tion even without employing a turbulence model.

5. Numerical examples

In order to illustrate the possibility of application to more
complicated problems, mold ®lling processes were analyzed.
Three cases were considered with a mold with rectangular
cross-section:

Case 1. 2D planar and horizontal ¯ow (without gravity).
Case 2. 2D planar and vertical ¯ow (with gravity along the

axis of symmetry).
Case 3. Axisymmetric and vertical ¯ow (with gravity along

the axis of symmetry).
The computational mesh and boundary conditions were

given as Fig. 14. The average inlet velocity was given as 1 m/s
and a half width of the inlet was 0.1 m. The density was
1000 kg/m3 and the ¯uid viscosity was taken as 1 Pa s. The

Reynolds number based on the inlet velocity and the inlet
width was 200. Figs. 15±17 show the ¯ow patterns and velocity
vectors at various times for each case.

As the results of Case 1 show, the ¯uid enters straightly
forward in the beginning of ®lling. When the ¯uid encounters
the wall, it changes direction and ¯ows along the wall until it
meets the inlet ¯ow. The free surface then forms a closed curve

Fig. 12. Comparison of the quarter of a period by numerical method

with previous numerical and analytic solutions for di�erent initial wave

heights.

Fig. 10. Velocity vectors and free surface positions at di�erent times

for the solitary wave propagation problem. Numerical results for

H=d � 0:4: (a) 0.000 s, (b) 1.151 s, (c) 2.313 s, (d) 4.523 s, (e) 6.916 s,

and (f) 9.134 s.

Fig. 11. Pressure contours at di�erent times for the solitary wave

propagation problem. Numerical results for H=d � 0:4: (a) 0.000 s, (b)

1.151 s, (c) 2.313 s, (d) 4.523 s, (e) 6.916 s, and (f) 9.134 s.
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in the central region. In other cases, the ¯uid accumulates from
the bottom of the mold in a sequential manner due to the
gravity e�ect. As shown in the results of Case 2, the ¯ow is
similar to Case 1 in the beginning of ®lling. However, the re-
circulant ¯uid column collapses toward the bottom as the
gravity e�ect becomes dominant. After this, the free surface
rises horizontally until ®lling is completed. In Case 3, the ¯uid
column collapses earlier than Case 2. This e�ect is due to the

Fig. 14. Finite element mesh and boundary conditions for the mold

®lling problem.

Fig. 13. Dimensionless maximum run-up heights as functions of

dimensionless initial wave height. Comparison between the numerical

results with existing data.

Fig. 15. Velocity vectors and free surface positions at di�erent times for the mold ®lling problem of a horizontal mold (Case 1). No gravity e�ect was

considered: (a) 0.4996 s, (b) 0.7505 s, (c) 0.9994 s, and (d) 1.248 s.

Fig. 16. Velocity vectors and free surface positions at di�erent times

for the mold ®lling of a horizontal mold in the presence of gravity at

di�erent times (Case 2): (a) 0.4999 s, (b) 0.7509 s, (c) 0.9991 s, and (d)

1.485 s.
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decreasing velocity near the side wall as the volumes of ele-
ments are increased proportionally with distance from the
central axis in axisymmetric ¯ow.

In order to verify the accuracy of the numerical scheme, ®ll
times were compared. As the inlet velocity was given, the ®ll
times were obtained as 1.5 s for Cases 1 and 2 and 6.0 s for
Case 3. In the numerical analyses, the ®ll times were calculated
as 1.506, 1.524 and 5.944 s, respectively, for each case. As can
be seen, the errors are less than 2%. This further veri®es that
the current scheme satis®es the mass conservation closely. The
proposed numerical scheme can predict the moving free sur-
face correctly without loss or addition of ¯uid according to the
accumulated errors during calculation.

6. Concluding remarks

A numerical method has been developed to simulate the
incompressible, viscous ¯ow with moving free surface. In order
to represent the locations of the moving free surface, VOF
method was adopted. To prevent the numerical di�usion, a
selective VOF method was proposed to determine the volume
¯ux of ¯uid between adjacent elements. This scheme is based
on the concept of donor and acceptor and is compatible with a
irregular mesh and can be extended to 3D geometry.

The proposed method was veri®ed by comparing the results
with previous researches, and has been applied to the simula-
tion of mold ®lling as an engineering application. In the cal-

culation of veri®cation problems, the results showed good
agreements. Due to the e�ective use of VOF method which is
free from di�culties in mesh generation, this method can be
applied to analyze complicated problems such as mold ®lling
process with free surfaces varying severely with time inside the
mold cavity.
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